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Abstract. In this paper, we study the null controllability of weakly degenerate coupled parabolic 
systems with two different diffusion coefficients and one control force. To obtain this aim, we develop 
first new global Carleman estimates for degenerate parabolic equations with weight functions different 
from the ones of [2]. [10] and [32]. 



1. Introduction 

This paper is concerned with the null controllability for the coupled degenerate parabolic systems 

u t - {x ai u x ) x + b n (t,x)u + b 12 {t,x)v = h(t,x)l u , (t, x) G x (0, 1), (1.1) 

v t - (x a2 v x ) x + b 22 (t,x)v + b 21 (t,x)u = 0, (t, x) £ x (0, 1), (1.2) 

u(t, 0) = u(t, 1) = v(t, 0) = v(t, 1) = 0, i€(0,T), (1.3) 

u(0,x) = uq(x), v(0,x) = v (x), s€(0,l), (1.4) 

where u = (a, b) is an open subset of (0,1), h G L 2 {(0,T) x [0,1)), (u , v ) G L 2 (0, 1) x L 2 (0, 1), 
(ax,a 2 ) G (0,1) 2 and b tj G L°°((0,T) x (0,1)), i,j = 1,2. 

Controllability properties of nondegenerate parabolic equations have been widely studied, see [6], [15] . 
[18] . [19] . [20] , [21] . [22], [28], [30], [31], [33], [34], using several techniques in particular the Carleman 
estimates. In [2], [10], [32] new Carleman estimates were developed for degenerate parabolic equations 
and used to show observability inequalities of the adjoint degenerate problems and then obtain the null 
controllability. Recently, in [14] Cannarsa et al. established a local Carleman estimate and deduced 
unique continuation and boundary approximate controllability for weakly degenerate equations. 

The null controllability of coupled parabolic systems was studied for example in [4], [5], [24], [25] . 
[26] . [27] in the nondegenerate case. In [29], Liu et al. considered parabolic cascade systems, b\ 2 = 0, 
with degeneracy in only one equation, using the nondegenerate Carleman estimate of Fursikov and 
Imanuvilov [23] and an approximation argument as in [13]. In [8], Cannarsa and De Teresa studied 
the null controllability of cascade degenerate linear systems with the same diffusion coefficient, i.e., 
ol\ = a 2 , and with the particular coupling term b 2 \ = lo for some open set O C (0,1). In [I], we 
studied the null controllability for degenerate cascade systems with general coupling terms and two 
different diffusion coefficients. We used a Carleman estimate from [2], and chose carefully appropriate 

parameters in the weight functions ip\(t,x) = ^^^p-t)^ an< ^ V^^^) = A2 ^ T _^/ 2 ^ to obtain the 
inequality e sipi < Ce sifi2 to absorb the coupling term. 
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For general degenerate systems (|l.ip - (|1.4p . we need the uniform equivalence e SLpi = e sip2 . But this 
occurs if and only if ol\ = ol 2 . To overcome this problem we propose in this paper a common weight 
function f(t,x) = A ^ T _^ for some /3 in terms of a.\ and a 2 . Then, the first step in this paper is to 
show new Carleman estimates for the following degenerate parabolic equation 

yt-(x a Vx)x = f(t,x), (t, x) G (0, T) x (0, 1), (1.5) 

y(t,0) = y(t,l) = 0, te(0,T), (1.6) 

V(0,x)=y , a; €(0,1), (1.7) 

with the weight function (p(t, x) = A ^ T -t)^ with d, A and k constants to be specified later. To prove 
our Carleman estimates, we need to show the following fundamental Hardy-Poincare inequality 

x 1 2 v 2 dx < Cv / x J v 2 dx where C~ = -; ttt (1.8) 

o Jo (1-7) 2 

for 7 < 1, and v satisfying v(0) = and Jq x^v 2 dx < +oo. This result was proved in [2], [TO] and 
[32 j for < 7 < 2,7 / 1. But, for our Carleman estimates we need this inequality for negative 7, 
see Lemma 16.11 This will allow us to deduce Carleman estimates for the adjoint coupled degenerate 
system 

U t -(x^U x ) x + b n (t,x)U + b 21 (t,x)V = 0, (t, x) € (0, T) x (0, 1), (1.9) 

V t -(x a2 V x ) x + b 22 (t,x)V + b 12 (t,x)U = 0, (t, x) G (0, T) x (0, 1), (1.10) 

U(t, 1) = U(t, 0) = V(t, 1) = V(t, 0) = 0, te(0,T), (1.11) 

U(0,x) = U (x),V(0,x) = Vo(x), ar€(0,l), (1.12) 

and then its observability inequality. Using a standard argument, we obtain the null controllability of 
(|l.ip - (|1.4p . By a linearization argument and fixed point, see for example PQ, [2], [9], [35] one can show 
easily the null controllability of semilinear degenerate coupled systems. 

This paper is organized as follows. Section 2 is devoted to the well-posedness of the coupled degener- 
ate systems. In section 3, we establish our new Carleman estimates for degenerate parabolic equations 
and deduce similar estimates for the coupled degenerate systems. In section 4, we deduce observability 
inequality and null controllability results. In appendix, we give summarized proofs of Caccioppoli and 
Hardy-Poincare inequalities. 

2. Well-posedness 

In order to study the well-posedness of the system (jl.ip - (jl.4p . we introduce the weighted spaces 
ffi.(0, 1) := ju G L 2 (0, 1) : u is abs. continuous in [0, 1], x° l/2 u x G L 2 (0, 1) andn(0) = u(l) = oj 

with the norm \\u\\ 2 H i ^ := |M|f,2( 0il ) + Ik^^^lli^o,!) and 

Hl(0,l) := (.6^(0,1) : x^u x G ^(0, 1)} 



with the norm 



ll n ll#2.(o,i) :_ H u ll-ffi 4 (o,i) + IK 3;Ql ' u ^)a;llL 2 (o,i)- 
We define the operator (Ai, D(Ai)) by 

Atu := (x ai u x ) x , u£D(A l ) = Hl(0,l), i = l,2. 

We recall the following properties of (Ai,D(Ai)). 
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Proposition 2.1. (^\, P3]j. For i = 1,2, the operator A; t : D(Ai) — > L 2 (0,1) is closed, self-adjoint, 
negative and with dense domain. 

In the Hilbert space H := L 2 (0, 1) x L 2 (0, 1), the system (fTll - (fl~4j) can be transformed in the 
following Cauchy problem 

(CP) \ x ' {{) = Ax{t) + B ^ X ® + G ®> 
{ ) \x(o) = («s), 

where X(t) = (««) , A = JjQ, D{A) = D(A 1 ) x D(A 2 ), G{t) = (Wf**), and 

B(t) = f^ 6l f ^ bl2W ) , where M 6 .. (t) u = 6y(t)u. 
V-M6ai(t) M b 22 (t)J tjy > 

As the operator ^4 is diagonal and since £>(i) is a bounded perturbation, the following wellposedness 
and regularity results hold. 

Proposition 2.2. (i) The operator A generates a contraction strongly continuous semigroup (T(t))t>o- 
(ii) For all h £ L 2 ((0, T) x (0, 1)) and (uq,vq) £ L 2 (0, 1) x L 2 (0, 1) t/iere exists a unique mild solution 
(u,v) £ A> :=C([0,T],L 2 (0,1) x L 2 (0, 1)) n I? (0, T; fl^ X o/ CIJ-QJJ satisfying 

Sup || |||a x£ a + / IK^U^a^tfcJIliaCft 



[0,T] 70 

< C T (\\(uo,v )\\ 2 L2xL2 + Ifcll^^x^D)) (2-13) 

for a constant C T > 0. Morover, if (u ,v ) £ H\ x x R\ 2 then, (u,v) £ Y T := C ([0,T],H^_ L x H* 2 ) D 
H 1 (0, T; L 2 (0, 1) x L 2 (0, 1)) n L 2 (0, T; x 2 J and 

sup||(«^)(i)|||i xII i + /' T (||(«t,«t)||i a + ||((a; ai «*)«,(x aa Ux)x)||i 2 ) * 



[0,T] " ai a2 

<C T (\\(u ,v Q )f Hla 

+ INll 2 ((0,T)x(0,l)) 



for a constant Ct > 0. 



3. Carleman estimates 

In this section we prove new Carleman estimates for the adjoint system (jl.9p - (|1.12p . For this, let 

uj' := (a',b') (s cu and let us introduce the weight functions : tp(t,x) := Q(t)ip(x); &(t) := , r-r] 

t K (T — t) K 

ifj{x) := A (x 2_/3 - d); $(t,x) = tf(x)9(t); *(x) := (e^*) - e 2 "IHI°°); 0(t,x) = e^Wefi); 
where a is a function in C 2 ([a' , 1]) satisfying <r(x) > in (a', 1), cr(a') = <r(l) = and a x (x) ^ in 
[a' , l]\wo for some open wo <s (a', 1) and the parameters d, p, A and k are chosen such that d > 5; 
p > jMn?_, < A < A(e 2 "NI°° - e "NI°°) and k > 4. 

Remark 3.1. • These weight functions are independent of the diffusion coefficient. This play a 

crucial role to study coupled system of non cascade form. 
• The existence of the function a was proved for example in [23] using Morse functions. But in 
1-dimension one can show this easily using cut-off functions. 
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Ifd>5 andp> then the interval e2p ]^ |o ° , ±(e 2p ^ 

then choose A in this interval. 

For this choice of the parameters d, p and A the weight functions (p and <1> satisfy the following 
inequalities which are needed in the sequel 

-<S> < (p < $ on (0, T) x (0, 1). (3.14) 
3 

For nondegenerate problems one needs the following estimates see e.g. [23] 

lim 0(f) = lim 6(t) = +oo, &(t) > a, 191 < c 2 9 2 , 191 < c 3 9 3 . (3.15) 

t->0+ t-tT~ 

and this is satisfied for all k > 1 with c x = (2/T) 2k , c 2 = kT(T/2) 2 ( k ~ 1 \ c 3 = k(k + 
l)T 2 (T/2) 4 ( fc_1 ). 

For the degenerate case one needs in addition the estimate 

|9| < c 4 9 2 . 



is not empty. We can 



(3.16) 



which is satisfied for all k > 2 with c 4 = k(k + l)T i (T/2) fe ~ 4 . 



We begin by proving first a new Carleman estimate for the problem (|1.5| )-( fl~7|) with one equation. 

Theorem 3.2. Let T > and suppose that yo £ if 4 . Then, for all f3 G [a, 1) there exist two positive 
constants C and sq such that every solution y of (| 1 . 5|) - (| 1 .T|) satisfies for all s > So 

' s®{t)x 2a -Py 2 x + s 3 e 3 (t)x 2+2a -^y 2 ) e 2s ^ dxdt 



JO 

< C 



T fl 



T 



f 2 {t, x)e 2s ^ x) dxdt + / se(t)y 2 x (t, lyvWdt 



(3.17) 

JO JO / 

Proof. For s > 0, let us introduce the function z := e stp y. We have 

L s z := z t + (x a z x ) x - 2sx a ip x z x - sip t z + s 2 x a tp 2 z - s{x a <p x ) x z = fe stp . 

Let 

L+z := {x a z x ) x - stp t z + s 2 x a ip 2 x z, 
L~z := z t - 2sx a cp x z x - s(x a <p x ) x z, 
fs : .(< *■■■. 

We have ||/ s || 2 2 = \\L+z + L~ z\\\ 2 = \\L+z\\ 2 L2 + \\Ljz\\ 2 L2 + 2(L+z,L~z) > 2(L+z,Ljz). One has 
z(0,x) = z(T,x) = z x (0, x) = z x (T,x) = 0. So integrating by parts one obtains 



(Lfz,L;z) = -2s 2 f f 1 
Jo Jo 



T r l 



JO 



X <p x <PtxZ 
-T r l 



dxdt + s / x a (x a (p x ) xx zz x dxdt 
Jo Jo 

+ si x a [2x a <p xx + arr" -4 ^] z 2 dx dt 
Jo Jo 

+s 3 [ [ x a [2x a ip xx + ax a ~ Vx] V 2 x z 2 
Jo Jo 



<pttz dxdt 



x a z xZt + s 'ee# x /2 2 - s 3 e> 3 x 2a *p x z 2 



x=l 



x=0 



dt 



r \(2 - P)sQx 1 - l3 (x a z x ) 2 + A(2 - /3)(1 + a - /3)s9x 2a " /3 zzJ * 1 

J x=0 



dt. 
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It is easy to check that if y G ff£(0, 1) then we have also z G H 2 (0, 1). So x a z G H 1 ^, 1) C L°°(0, 1) 
by the Sobolev imbedding theorem. Then, using the facts that z(t, 0) = z(t, 1) = z t (t,0) = zt(t, 1) = 
and V>, V'x are bounded, we deduce that the first integral with boundary terms vanishes 

and x 1 ~P(x a z x ) 2 \ x= o = 0. On the other hand we have [a 



2a- 



'ZZ, 



X 



2a- P 



1 x=l 
\x=0 



0, in fact it is clear that 



zz. 



=1 = (x a z x ) z\ x =i = and since x a z x G L°°(0, 1) and z(t,0) = then for each t G (0, T) we 



have 



\zx(t, x)\ < cx a and 



z x (t,y)dy\ < cx 1 a . 



(3.18) 



Therefore \x 2a ^zz x (t, x)\ < cx 1 p. Consequently, since /3 < 1 we deduce x 2a p zz x \ x =o = 0. 
We have then 



A 3 (2-/3) 3 (2-2/3 + a) f [ s 3 e 3 x 2+2a ~^ z 2 dxdt + A(2 - /3)(2 - 2/3 + a) [ [ sQx 2a -^z 2 x dxdt 

Jo Jo Jo Jo 



T fl 



1 

< - 

~ 2 



Ji 

T fl 



JO 



f 2 e 2sip dxdt - 2A Z (2 - pf 



T rl 



JO 



s 2 G<dx 2+a - 2l3 z 2 dxdt 



J 3 



+\(2-P)(l + a-P)(P-a) 



T fl 



o Jo 



s0x 2a-/3-l d dt + _ 

2 



T fl 



JO 



s®{d-x 2 -P)z 2 dxdt 



Ja 



+A(2-/3) f s@z 2 x (t,l)dt. 
Jo 



Now we will show that J3, J4 and J5 can be absorbed by J\ and For this, let e > fixed to be 
specified later. First, Since /3 > a and |G0| < C0 3 then 

r-T /•! 



^ 



2a3J+2«-3,3 2 



for s large enough. In the other hand for J4 we have 



|J4| < \(2-p)(\ + a-P){p-a) 



T fl r 



JO 



's&x^^Hz 



z dxdt < eJ\ 



r sQx a 2 l^r 



dxdt 



< \(2-P)(l + a-P)(J3-a) [e 



T fl 



JO 



s®x 2a -P- 2 z 2 



dxdt + ^j^ J sQx 2a - p z 2 x dxdt^j (3.19) 



Now we will use the Hardy- Poincare inequality (|6.56j) . We have 2a — j3 < 1 and we will show that 
J x 2a ~ l3 z 2 dx < +00. Using (|3.18p and the fact that (3 < 1 we obtain, 

\x 2a ~Pz 2 x \ < Cx'? G ^(0,1). 

We have then 



I 

Jo 



x 



2a -?- 2 z 2 dx < a 



20-/3 



X 



2a-j8 J2 



Ziy, dx 



where C 2a -i3 = ^_ 2 t+i3)' i ■ Tnen ; we g et fr° m t|3. 19j) 

I J 4 | < A(2 - P)(l + a - p)(p - a) (eC^-p + J J sQx 2a ~ p z 2 x dxdt 



E. M. AIT BEN HASSI, F. AMMAR KHODJA, A. HAJJAJ, L. MANIAR 



The quantity eC^u-p + ^ is minimal for e = - — j= For this choice we have 



|J 4 | < A(2 - /3)(1 + a - p)(p - a) 



2 r T r 1 

1 - 2a + J J J 



s<dx 2a -P zldxdt 



and for all /3 G [a, 1) we have 

2(1 + a - /3)((3 - a) 
1 - 2a + (3 



The term J4 can then be absorbed by J2. 

For the last term J5, since |0| < C4& 2 and /3 > a, we have by applying the Hardy-Poincare inequality 

I J 5 \ < Xdc A [ [ sQ 2 z 2 dxdt 
Jo Jo 

rT rl 



XdcA 



1 —B--1 

/ s@x a 2 L z 

'0 JO L 

< Xdc 4 £ J 1 (esex 2a ~P- 2 z 2 + A s G 3 x 2 - 2Q+ ^ 2 J dxdt 

< e\dc±C 2a -p [ [ sQx 2a ~Pz 2 x dxdt + C £ [ [ sQ 3 x 2+2a ~ 3p z 2 dxdt 

Jo Jo Jo Jo 



dxdt 



1 



Therefore by choosing e small enough, we obtain 



r r s i ® 3 x 2+2a -^z 2 dxdt+ r f\e 

Jo Jo Jo Jo 

/ f 2 e 2sv dxdt+ / sQz 2 x (t,l)dt 
Jo Jo 



x 2a - p zi dxdt 



< C 

for s large enough. So replacing z by e S(fi y we deduce immediately the conclusion of the theorem. □ 

Theorem 3.3. Let T > and suppose that j/o G H^. Then, for all j3 G [a, 1) there exist two positive 
constants C and sq such that every solution y of (jl.5p - (jl.7p satisfies for all s > sq 



T r l 



JO 

< C 



s®(t)x 2a -Py 2 x + s 3 e 3 (t)x 2+2a - 3l3 y 2 ) e 2s ^ dxdt 



Jo 



f 2 (t,x)e 2s ^dxdt + I I s 3 ^y 2 e 2s ^dxdt\ 



Jlo 



(3.20) 



Proof. Let us consider an arbitrary open subset u" := (a" , h") (s uj' and a cut-off function £ E C°°(0, 1) 
such that 

"0<f(x)<l, xG(0, 1), 

= 1, < x < a", 

^(x) = 0, b" <x< 1. 

Let z = £y where y is the solution of (ll.5p -( fT7f|l . Then z satisfies the following system 

zt - (x a z x ) x =U~ txx a y x - [x a t x y) x , (t, x) e (0, T) x (0, 1), (3.21) 

z(t, 1) = z(t, 0) = 0, te(0,T), (3.22) 
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Therefore, applying the Carleman estimate (|3.17p to the equation (|3.21|) we obtain 
rT fl 



sQ{t)x 2a - p z 2 x {t,x) + s 3 Q 3 (t)x 2+2a - 3(3 z 2 {t,x)}e 2s(f dxdt 

JO 

< C f [ [£ 2 / 2 + (£ x x a y x + {x a t x y) x ) 2 \e 2s *dxdt. (3.23) 
Jo Jo 

So using the definition of £ and the Cacciopoli's inequality, see Lemma 15.11 we obtain 
[ T C + {x a t x y) x f e 2s ^dxdt < C [ [ [y 2 + y 2 x \e 2 ^dxdt 

Jo Jo Jo Jui" 

< C [ [ y 2 e 2sip dxdt. (3.24) 

Jo Juj' 

and 

f f sQx 2a ~^ 2 y 2 x e 2sip dxdt < 2 C C sQx 2a -? z 2 x e 2s ^dxdt + 2 C [ sQy 2 e 2sip dxdt (3.25) 

JO JO JO JO JO Jui' 

Thus from (|3.23j) - (|3.24[) and the definition of £ we deduce the following estimate 
rT r-i 

[se(t)x 2a -^ 2 y 2 x (t,x) + s 3 e 3 {t)x 2+2a - 3P i 2 y 2 {t,x)]e 2sLp dxdt 
<c( [ f 1 ff 2 e 2sip dxdt + [ T f sQy 2 e 2sv dxdt) . (3.26) 

\Jo JO JO Juj' J 

On (a', 1) the equation (jl.5p is uniformly parabolic hence, one can use the following Carleman estimate 
which is a consequence of (|23|. Lemma 1.2) established by Fursikov and Imanuvilov. 

Proposition 3.4. Consider the nondegenerate linear problem 

{v t -(x a v x ) x = f eL 2 ((0,T) x (a',1)), 
\v(t,a')=v(t,l) = 0, t G (0, T), 

Then, there exists a constant po > such that for all p > po there exists so(p) > such that for each 
s > «o(p) the solution v of the last problem satisfy the following estimate: 

T r l 

/ {s<pv 2 x + s 3 (j) 3 v 2 )e 2s ®dxdt 

Jo! 

< C ( [ [ f 2 e 2s *dxdt + f [ s 3 <j) 3 v 2 e 2s ' i 'dxdt) (3.27) 

\Jo J a' JO Jul' J 



where the functions and <f> are defined in Theorem \3.SX 

Remark 3.5. The last estimate was showed in |23] for Q(t) = wr^E) careful examination of the 

proof one can see easily that it remains valid for all G G C 2 (0,T) satisfying ([3TT5D . see Remark \ 3. 1[ 



To achieve the proof of the Theorem 13. 7^ let Z := £y, where the function £ is defined as £ = 1 — £. 
Then Z is a solution of the following problem 

Z t - (x a Z x ) x = (f- ( x x a y x - (x a ( x y) x , (t, x) G (0, T) x (a', 1), 

Z(t,l) = Z(t,a') = 0, tG(0,T), 
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Applying the classical Carleman estimate (|3.27p . it follows that for s large enough 

F f \scf>Zl + s z ^Z 2 )e 2s ^dxdt 
Jo Jo 

<c( F F [a + ( x x a y x + (x a ( x y) x } 2 e 2s *dxdt + F f s 3 <t> 3 Z 2 e 2s * dxdt) 

\Jo Jo Jo Joj' J 



<C[ f [ C 2 f 2 e 2s "dxdt+ [ [ [y 2 + y 2 x ]e 2s *dxdt + [ [ s 3 ^ Z 2 e 2s *dxdt) 

\Jo Jo Jo Jul" Jo Jul' J 

Therefore, using the Caccioppoli inequality and the definitions of Z and Q we deduce 



[ [ {sM 2 yl + s*<t?t 2 y 2 )e 2 **dxdt 
Jo Jo 



T r l r T 



< C / / C 2 fe 2sq, dxdt + / / s 3 ^y 2 e 2sq> dxdt (3.28) 

\Jo Jo Jo Jui' J 

Thanks to (|3.14j) there exists a constant c > such that for all (t,x) G [0, T] x (a', 1) one has 

Qx 2a-P e 2s V {t, X ) < c(j)e 2sHt,x) and @ 3 x 2+2a-30 ^(t,*) < ^^m*) ( 3 . 29 ) 

Then, using ([336]) . (^281) . ([3Jl]), ff3~T5^ and the fact that 1/2 < ^ 2 + ( 2 < 1 we obtain the global 
estimate 

" T jT 1 (.s®{t)x 2a ^y 2 x + s 3 e 3 (t)x 2+2a ^y 2 ) e 2s ^ dxdt 
<c( F F f 2 (t,x)e 2s ^dxdt + F [ s 3 4> 3 y 2 e 2s ^dxdt] (3.30) 

\Jo Jo Jo Jui' ) 

This ends the proof of Theorem 13.31 □ 

The estimate in Theorem l3.3l was obtained for regular initial data. By density we deduce the following 
result for the general case: yo G L 2 (0, 1). 

Corollary 3.6. Let T > be given. Let (3 G [a, 1) and (i > max(0, 2 + 2a — 3/3). Then there exist two 
positive constants C and sq such that every solution y of (|1.5p - (|1.7p satisfies for all s > sq 

/ {sQx a y 2 x + s 3 6 3 xV) e 2s ^ x) dxdt 
o Jo 

<c( F F f 2 (t,x)e 2s ^dxdt + F [ s 3 <p 3 y 2 e 2s,s >^dxdt) (3.31) 

\Jo Jo JO Jui' ) 

Proof Let y G L 2 (0, 1). By the density of H^(0, 1) in L 2 (0, 1), there exist a set (j#) n in H^(0, 1) which 
converges to yo- Let y n the unique solution in the space Zt ■= C ([0, T], L 2 (0, 1)) n L 2 (0,T;i?^) of 
the problem (jl.5|) - (jl.7p associated to the initial data y^. As in (|2.13p one has for a constant Ct > 

\\(y m - y n )it)\\z T ■= sup \\(y m - y n )(t)\\h + F \\^(y m - y n U\h <* < c T \\ y ^ - y n \\ 2 L2 . 

[0,T] Jo 

Therefore the set (y n ) n has a limit y in the Banach space Zt- Using classical argument in semigroup 
theory it is easy to show that y is the solution of the problem (|1.5p - (jl.7p associated to the initial data 
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y . On the other hand since x a < x 2a " and x^ < (0,1) then we deduce from Theorem 

13.31 the estimate 

[ T C (sQx a \y2\ 2 + s 3 Q 3 x^\y n \ 2 ) e 2s ^ 1 ^ dxdt 
Jo Jo 

<c( f I' f 2 (t,x)e 2s<s >^dxdt + f T [ s 3 <p 3 \y n \ 2 e 2s ^dxdt 

\Jo Jo Jo Juj' 

And since sQe 2sip , s 3 @ 3 e 2sip x fl and s 3 4> 3 e 2s ® are bounded then one can pass to the limit and get the 
desired estimate. □ 



For the coupled system (jl.9p - (|1.12p we prove first an intermediate important result which could be 
used to show the null controllability for a coupled system with two control forces 

Theorem 3.7. Let T > and (01,02) G (0, 1) x (0, 1) be given and suppose that yo G H^. Then for 
all /3 G \max(a\, 02), 1[ there exist two positive constants C and so such that every solution (U, V) of 
(fL9]) - (fLT2l) satisfies 

sQ{t) x 2ai - /3 U 2 (t,x)+x 2a2 - l3 V 2 (t,x) e 2s ^' x Uxdt 



Jo 



+ 



< 



T r l 



s 3 e 3 (t) 



JO 
rT 



X 



2+2ai-3/3rr2 



U 2 (t,x)+x 2+2a2 - 3 ?V 2 (t,x) 



2sip{t,x) dxdt 



C [ [ s 3 Q 3 [U 2 (t, x) + V 2 (t, x)) e 2s ^ x) dxdt for all s > s . (3.32) 

Jo Juj' 



Proof. Since U is solution of the problem 

U t - [x^U x ) x = -b n (t,x)U - b 21 (t,x)V, 
U(t,l) = U(t,0) = 0, 
U(0,x) = U o (x), 

then applying the estimate (|3.26p to this system we obtain 



(t,x) G (0,T) x (0,1), 

te (0,T), 

xG (0,1), 



T r l 



JO 



[sQ{t)x 2ai -^ 2 U 2 (t,x) + s 3 e 3 (t)x 2+2ai - 3 ^ 2 U 2 (t,x)]e 2sip dxdt 



< C [ [ f(b 2 u U 2 + b 2 21 V 2 )e 2sip dxdt + C [ [ sQU 2 e 2sip dxdt . (3.33) 

Jo Jo Jo Juj' 



Using the Hardy- Poincare inequality (|6.56p one has for s large enough 



T r i 



Jo 



b 2 u fU 2 e 2sip dxdt < C 



T r l 



JO 
T r l 



Sip 



dxdt 



<C^J o [x 2a ^ 2 fU 2 + x 2 ~ 2a ^eU 2 )e 2s ^dxdt 



< C 

< C 
+ 



T r l 



„2qi 



\iUe sip ) 2 x dxdt + C 



Jo 

T r l 



T rl 



JO 



- 2a ^eU 2 e 2s *dxdt 



So L { x2ai ~ P ? U * +x2ai ~ P &U 2 + s 2 e 2 x 2+2a ^fU 2 )e 2 ^dxdt 



C [ T I' 1 x 2 - 2a ^eU 2 e 2s *dxdt. 
Jo Jo 
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So since ft > a, £ x is supported in u' and is bounded below then for s large enough we have 

Jo Jo 4 Jo Jo 

+ C [ [ U 2 e 2sv dxdt (3.34) 

Jo Juj' 



Similarly, for s large enough we have 

C [ T f b 2 2i eV 2 e 2s *dxdt <\f T [\ S e(t)x 2a ^eV 2 + s 3 e 3 (t)x 2+2Q2 - 3ls eV 2 }e 2 ^dxdt 
Jo Jo 4 Jo Jo 



+ C f [ V 2 e 2sip dxdt (3.35) 

JO Juj' 



Combining (|3.33p . (|3.34p and ()3.35|) we deduce the estimate 

f-T rl 
'0 JO 

< 



[ [ [s6(t)x 2Ql -^ 2 [/^, x) + s 3 e 3 (t)x 2+2ai - 3 ^ 2 U 2 {t, x)]e 2stfi dxdt 
Jo Jo 

\ f T [\ s e(t)x 2a ^eu 2 + s 3 e 3 (t)x 2+2a ^eu 2 ]e 2 ^dxdt 

4 Jo Jo 

\ [ T !\sQ{t)x 2 ^eV 2 + s 3 e 3 (t)x 2 + 2a ^ev 2 }e 2s ^dxdt 
4 Jo Jo 

+ C I [ sO(U 2 + V 2 )e 2sLp dxdt. (3.36) 

JO Juj' 



4 
+ 



For the second component, Arguing as before we have for s large enough 



f [ [sQ{t)x 2a ^^ 2 V 2 {t, x) + s 3 Q 3 {t)x 2+2a2 - 3p i 2 V 2 {t, x)]e 2s{p dxdt 
Jo Jo 

4 Jo Jo 

+ 1 f T [\ s Q(t)x 2a ^eu! + s 3 Q 3 (t)x 2+2a ^eU 2 }e 2 ^dxdt 
4 Jo Jo 

+ C f [ sQ{U 2 + V 2 )e 2sLp dxdt. (3.37) 

JO Ju>' 



Therefore, from (I3.36P and (I3.37P we deduce the estimate 



[ [ [se(t)x 2a ^ l3 fU 2 (t,x) + s 3 Q 3 (t)x 2+2a ^ 3l3 fU 2 {t,x)}e 2sv dxdt 
Jo Jo 

+ j T [\se(t)x 2a2 -^ 2 V 2 (t,x) + s 3 e 3 {t)x 2+2a2 - 3 ^ 2 V 2 (t,x)]e 2 ^dxdt 
Jo Jo 

<C f [ sQ(U 2 + V 2 )e 2sip dxdt. (3.38) 

JO Juj' 
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JO 



This gives an estimate on (0, a'). As above, to obtain an estimate on (a',1), we apply (|3.28[) to each 
equation of the system (jl.9j) - (|1.12p . we use Hardy- Poincare inequality and we obtain the estimate 

rl [s<P( 2 (UZ + V 2 ) + s 3 ^ 3 ( 2 (U 2 + V 2 )]e 2s *dxdt 
<C f T I s 3 cp 3 (U 2 + V 2 )e 2s *dxdt. 

JO Juj' 

Consequently using (|3.38p . (|3.39p and (|3.29p we deduce the global estimate 

e 2sifi dxdt 



(3.39) 



o Jo 



+ 



s&(t) x 2ai ^U 2 (t,x) +x 2a2 -> s V 2 (t,x) 

T fl 



JO 



s 3 Q 3 (t) 



X 



2+2qi-3/3tt2 



U 7 (t,x)+x 2+2a ^V 2 (t,x) 



e 2sLp dxdt 



< C 

This ends the proof. 



T 

Juj 1 



s 3 9 3 [U 2 (t, x) + V 2 (t, x)] e 2s * dxdt. 



□ 



As above, using density argument we deduce the following result for the general case: Uq, Vq E 
L 2 (0,1). 

Corollary 3.8. Let T > and (01,02) £ (0, 1) x (0,1) be given. Let f3 E \max{a.\, a^), 1[ and 
Hi > max(0, 2 + 2«j — 3/3). Then, there exist two positive constants C and sq such that every solution 
(U,V) of (fOl)- (fl~T^ satisfies 

sQ{t) [x ai U 2 (t,x) + x a2 V 2 (t,x)] e 2 ^(M0 dxdt 
i @ 3 (t) [x^U 2 (t,x) + x^V 2 (t,x)] e 2s ^ x) dxdt 



Jo 



+ 



T fl 



JO 
rT 



< C [ [ s 3 e 3 (t) [U 2 (t, x) + V 2 (t, x)) e 2 ^'^ dxdt for all s>s . (3.40) 

JO Juj' 

To study of the null-controllability of the system (|l.lj )- (jl.4p we need to show the following Carleman 
estimate. 

Theorem 3.9. Let T > be given. Assume moreover that 

b-2i > fJ- on [0, T] x uj\ for some uj\ (<= U) and fi > 0. (3-41) 

Then there exist two positive constants C and sq such that, every solution (U, V) of (|1.9p - (|1.12p satisfies 
for all s > so the estimates 

rT fl 

s9(t) x 2ai -PjJl{t,x) +x 2a2 - l3 V 2 (t,x)) e 2s ^^dxdt 



Jo 



+ 



T fl 



s 3 e 3 (t) 



J0 
T 



X 



2+2ai-3/3rr2 



U 2 (t,x)+x 2+2a2 ~ 3 ^V 2 (t,x) 



2s<p(t,x) dxdt 



< c 



Jul 



U 2 (t, x) dxdt. 



(3.42) 



Remark 3.10. The assumption (|3.4ip can be replaced by 

bn < on [0>^1 x w i f or some uji d uj and fi > 0. 
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Theorem 13.91 is a consequence of Theorem 13,71 applied to uj\ and the following lemma, see also the 
proofs of ([8], Theorem 3.2), [29] and pp. 

Lemma 3.11. Suppose moreover that (13.41 h holds. Then for all e > there exists a positive constant 
C £ > such that every solution (U,V) of (|1.9|) - fjl.l2[) satisfies 

[ [ s 3 Q 3 V 2 e 2s ^dxdt < eJ(V) + C £ [ [ U 2 dxdt, (3.43) 

JO Jwi JO Juj 

where oj\ is defined in (13.41 H and 

fT rl r 

J(V):= / sQ(t)x 2a i-Pv 2 + s 3 Q 3 (t)x 2+2a2 - w V 2 e 2s ^ x) dxdt 
Jo Jo L i 

Proof. Let x G C°°(0, 1) such that suppx C cj and x = 1 on oji. Multiplying the equation (jl.9p by 
s 3 3 %e 2s *y and integrating, we obtain 

[ T f 1 xb 2 is 3 e 3 e 2s *V 2 dxdt = - [ T f 1 X s 3 e 3 e 2sq, VU t dxdt+ [ C X s 3 e 3 e 2s *V(x ai U x ) x dxdt 
Jo Jo Jo Jo Jo Jo 

[ X bus 3 e 3 e 2s ^UVdxdt (3.44) 
'o Jo 

Integrating by parts and using the equation (jl.lOp . we obtain 

pT pi pT pi pT pi 

/ / xs 3 <£> 3 e 2s *VU t dxdt = / / xx a2 s 3 <d 3 e 2s *U x V x dxdt+ / / x a2 s 3 G 3 ( X e 2s ' s> ) x UV x dxdt 
Jo Jo Jo Jo Jo Jo 

+ I I xbus 3 e 3 e 2s ®U 2 dxdt+ f [ X b 22 s 3 Q 3 e 2s ^UV dxdt 
Jo Jo Jo Jo 

- [ [ Xs 3 (e 3 e 2s,s >) t UVdxdt, (3.45) 
Jo Jo 

and 

[ T f 1 X s 3 @ 3 e 2s *V(x ai U x ) x dxdt = - [ T f x ai X s 3 ® 3 e 2s *U x V x dxdt 
Jo Jo Jo Jo 

+ f [ s 3 e 3 x ai ( X e 2s *) x UV x dxdt+ [ [ s 3 ® 3 {x ai (xe 2s *)x)xUV dxdt. (3.46) 
Jo Jo Jo Jo 

So combining the identities (|3.44j) - (|3.46|) . we get 

[ T f 1 b 2lX s 3 e 3 e 2s *V 2 dxdt = - f [\x ai + x a2 )xs 3 Q 3 e 2s ^U x V x dxdt 
Jo Jo Jo Jo 

" v ' 

h 

+ f f\x ai - x a2 )s 3 3 (xe 2s<s ') x UV x dxdt - [ T f 1 b 12X s 3 e 3 e 2s *U 2 dxdt 
Jo Jo Jo Jo 



cT r l 



+ 



I I [s 3 X {6 3 e 2s *) t + s 3 e 3 (x^(xe 2s %) x - (b u + b 22 ) X s 3 e 3 e 2s ' s> ] UV dxdt. (3.47) 
Jo Jo 



h 



CARLEMAN ESTIMATES AND NULL CONTROLLABILITY OF COUPLED DEGENERATE SYSTEMS 



13 



Now we estimate the integrals I2, I3 and I4. We have 



T rl 



Jo 



^ X s Z Q Z e 2sq> U x V x dxdt 



T r l 



JO 



~ £ lo I 1 s@x2a2 ^ e2 ^ V - dxdt + f s5Q5 X 2 x 2a ^ 2a2 ^e 2s ^-^dxdt. 



T r l 



dxdt 



(3.48) 



The last integral K should be estimated by an integral in U 2 . For this, we multiply the equation (jl.9 
by s^Q^x 2 x^e 2s ^~ Lp ^U where [i := 2aj — a\ — 2a 2 + j3 } we integrate by parts and we obtain 



K 



T r l 



Jo 



e 5 e 2s( - 2 *-*A X 2 x fl U 2 dxdt 



+ ±[ T f 1 S 5 e\x ai (x 2 x"e 2s ^-^) X ) X U 2 dxdt- I* I' b u s 5 e 5 X 2 x fl e 2s ^-^U 2 dxdt 
2 Jo Jo Jo Jo 



T r l 



K% 



K 3 



T r l 



JO 



6 2 is 5 e 5 xVe 2s(2<I> -^[/y dxdt. 



K 4 



Since |0'| < C0 2 and suppx C oj we have for i £ {1,2,3} 



\KA < C 



T 



Jul 



s 7 Q 7 e 2s ^-^U 2 dxdt, 



For i = 4 we have 



\K 4 



7 

Jo 



s l&h 1+a2 -^e s vV][s^&h 2 ix 2 ^~ 1 ~ a2+ ¥e si ^~ 3(p) U]dxdt 



<e 2 



7 

Jo 



Juj 



s 7 e 7 e 2s ^-^U 2 dxdt. 



s 3 @ 3 x 2+2 a2 -3P e 2s<py2 dxdt + q 

So, thanks to (|3. 14[) we have 

|#| < e 2 [ T f 1 S ^x 2+2a ^e 2s *V 2 dxdt + C e F [ U 2 dxdt. 

JO Jo Jo Jlu 

From (|3,48p - (|3.49p we deduce the estimate 

|ii| < 2e [ T f sQx 2a2 -^e 2sv V 2 dxdt + - F C s 3 e 3 x 2+2a2 -^e 2s ^V 2 dxdt + C £ C [ U< 
Jo Jo 2 J J q Jq 



(3.49) 



dxdt. 
(3.50) 
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Similarly we have 

pT p 

„2s$ 



e^dxdt 



\h\ < C [ [ s 4 @ 4 \UV x 
Jo Jui 

< e f [ s&x 2a2 -^e 2sip V 2 dxdt + C E [ [ U 2 dxdt, (3.51) 

J Jo Jo Jui 

\h\ <c[ [ U 2 dxdt, (3.52) 

Jo Jul 

\h\ < C f T I s & Q & \UV\e 2s *dxdt 

Jo Jul 

< e f T f 1 s 3 e 3 x 2+2a2 ~ 3l5 e 2sv V 2 dxdt + C £ f [ U 2 dxdt. (3.53) 

Jo JO JO Jui 

Consequently, from the estimates (|3.50p - (|3.53p . we conclude that 

[ [ b 2 ixe 2sip V 2 dxdt < 3eJ(V) + C £ [ [ U 2 dxdt. 

Jo JO JO Jui 

Finally, since x= 1 onwi, then using (|3.4ip we achieve the claim. □ 

As above, using a density argument we deduce the following result for the general case: Uq, Vq £ 
L 2 (0,1). 

Corollary 3.12. Let T > be given. Assume moreover that (|3.4ip holds. Let (01,02) S (0, 1) x (0, 1), 

/3 G [max(ai, 02), 1[ and [ii > max(0, 2 + 2a{ — 3/3). Then, there exist two positive constants C and sq 
such that, every solution (U, V) of (|1.9p -( fTTT2l) satisfies, for all s > so the estimates 

T r l 

sG(t) [x ai U 2 {t,x)+x a2 V 2 (t,x))] e 2s ^ x) dxdt 



Jo 



+ ^ f 1 s 3 @ 3 (t) [x^U 2 {t,x) + x^V 2 {t,x))] e 2s ^' x) dxdt 
Jo Jo 



T 

2/ 



<C / U 2 (t,x)dxdt. (3.54) 

Jo Jui 



4. Observability and null controllability of linear systems 

As a consequence of the Carleman estimates established in the above section, we prove first a observ- 
ability inequality for the adjoint problem (|1.9j) - f)1.12|) of problem (|l.ip - (|1.4p . 

Theorem 4.1. Let T > be given. Assume that (|3.4ip is satisfied. Then, there exists a positive 
constant C such that every solution (U,V) of (|1.9p - (|1.12p satisfies 

[ [U 2 (T,x) + V 2 (T,x)]dx <C [ [ U 2 (t,x)dxdt. (4.55) 

Jo Jo Jul 
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Proof. Multiplying the equations (|1.9p and (jl.lOp respectively by U t and V t and integrating over (0, 1) 
the sum of the new equations we obtain 

= I [U 2 + V 2 ] dx - [x^U x U t ]l =0 - [x a W x V t ]l =0 
J o 

+ \ b u UU t dx + [ b 22 VV t + I b 21 VU t dx 



+ [ b 12 UV t dx + ~ [ [x ai U 2 + x a2 V 2 ]dx. 
Jo ^ dt Jo 



Using the Young's inequality we obtain 

1 d 
Ydt 



f\x ai U 2 + x a2 V 2 ]dx < [ {b 2 n + b 2 12 )U 2 dx+ [ (b 2 22 + b 2 21 )V 2 dx 
Jo Jo Jo 

< C [ (U 2 (t,x) + V 2 (t,x))dx 



JO 

<C ! [x ai - 2 U 2 (t,x) + x a2 - 2 V 2 (t,x)]dx. 
Jo 



Hence, using the Hardy-Poincare inequality (|6.56p one has 

^ f\x ai U 2 + x a W 2 } dx < Co f [x ai U 2 + x a2 V 2 } dx 
dt Jo Jo 



Hence 



j t |e- Coi J\ x ° iu x + x a2 V 2 ]dx\ < 0. 

Consequently, the function 1 1 — > e~ Cot JqIx^U 2 + x a2 V 2 ]dx is not increasing. Thus, 

f [x ai U 2 {T,x)+x a2 V 2 (T,x)]dx<e CoT [ [x ai U 2 (t, x) + x a2 V 2 (t, x)]dx. 
Jo Jo 

Integrating over [?, W-\ and using the Carleman estimate (|3.54p one obtains 



-4 ' 4 

2e CoT 



ri 2e Uo1 /4 f 1 

J [ x ^U 2 (T,x) + x a2 V 2 (T,x)]dx<^- J [x^U 2 (t,x) + x a2 V 2 (t,x)]dxdt 

<C T J t J sOe 2sv [x ai U 2 (t,x) + x a2 V 2 {t,x)]dxdt 



4 



< C T [ [ U 2 {t,x)dxdt, 

Jo Jlu 

On the other hand, using hardy- Poincare inequality one gets 

/ [U 2 {T,x) + V 2 (T,x)]dx < [ [x ai ~ 2 U 2 (T,x) + x a2 ~ 2 V 2 {T,x)]dx 
Jo Jo 

< C [ [x ai U 2 (T, x) + x a2 V 2 (T, x)]dx 
Jo 

This ends the proof. □ 
By Theorem 14.11 and a classical argument one can deduce the controllability result 
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Theorem 4.2. If the assumption ()3.41 j) is satisfied, then the degenerate coupled system (jl.ip - (|1.4p is 
null controllable. 



5. Appendix 1 

As in [2], [8], p], we give the proof of the Caccioppoli's inequality for degenerate coupled systems with 
two different diffusion coefficients. 

Lemma 5.1. Let u' <e oj. Then there exists a positive constant C such that 

f [U 2 (t,x) + V 2 {t,x)] e 2s ^dxdt <C f [ [U 2 {t,x) + V 2 {t,x)] e 2s ^dxdt. 

Jul' JO Jul 

Proof. Let % S C°°(0, 1) such that suppx C oj and x = 1 on a/. We have 



0= f T ± \f l x 2 (U 2 + V 2 )e 2s ^dx 
Jo dt [Jo 



dt 



= - 2 f T f 1 X 2 x ai Uy s ^dxdt - 2 f T f 1 X 2 x a2 V 2 e 2s ^dx 
Jo Jo Jo Jo 

+ f T [\x a Hx 2 e 2sv %) x U 2 dx+ f [\x a >( X 2 e 2s ^) x ) x V 2 dx 
Jo Jo Jo Jo 

- 2 [ [ b uX 2 U 2 e 2s ^dxdt - 2 [ [ b 22X 2 V 2 e 2s ^dxdt 
Jo Jo Jo Jo 

2/ f s& X 2 (U 2 + V 2 )e 2s ^dxdt-2 [ [ (b 12 + b 21 ) X 2 UVe 2s ^dxdt 
Jo Jo Jo Jo 

Therefore, since x is supported in cj and x = 1 in w' then, using Young inequality one obtains 
f [ (U 2 + V 2 )e 2sipl dxdt < C [ [ x 2 {x ai U 2 + x a W 2 )e 2sipi dxdt 

Jo Jui' Jo Jo 

<C f f (U 2 + V 2 )e 2s ^dxdt. 

Jo Jul 

This ends the proof. □ 



6. Appendix 2 

Lemma 6.1. For all 7 < 1 and all v locally absolutely continuous on (0,1], continuous at and 
satisfying v(0) = and f Q x^v 2 dx < +00 the following Hardy-Poincare inequality holds 



1 f i 

x^- 2 v 2 dx < C 7 / 
Jo 



x 7 2 v 2 dx < C-y j x^v 2 dx where C 7 = ^ ^ (6.56) 



Proof. This result was proved by Cannarsa et al. in [2] for 7 6 (0, 1), but by a careful examination of 
the proof one can see that it remains valid for all 7 < 1. In fact let 7 < 1 and 5 = -^ L - Using Holder 
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inequality and Fubini's theorem one has 



x 7- Vdx = jf* x 7 " 2 (^j* y 5/2 v'{y)y' 5/2 dy^ dx 

< J^x^ 2 QT y 5 \v'(y)\ 2 dy\ (f*V~% ) dx 



1 



1-5 
1 

1-5 



1 r x 



x"i- 6 - l y°W{y)\ \ dydx 
q ^x^ 5 - l dx^y 8 \v'{y)\ 2 dy 



o Jo 

1 / rl 



1 







1 

2/ 7 |u'(y)| 2 ciy. 



(1 " 7) 2 7o 

This ends the proof. □ 
7. Conclusion 

In this paper, we studied the null controllability of linear degenerate systems with two different co- 
efficients diffusion not necessarily of the cascade form. We developed new Carleman estimates. By 
a standard linearization argument and fixed point, see [I], [2], [9], [35], one can show easily the null 
controllability of semilinear degenerate coupled systems with two different diffusion coefficients. In 
this paper we studied coupled system of two weakly degenerate equations. The cases when one of the 
equation is strongly degenerate systems are open. 
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